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Abstract 
A general method for evaluating the Stress Intensity Factors (SIFs) of an inclined kinked edge crack in a semi-plane is presented. 
An analytical Weight Function (WF) with a matrix structure is derived by extending a method developed for a straight inclined 
edge crack. The effects of the principal geometrical parameters governing the problem were studied through a parametric Finite 
Element (FE) analysis, carried out for different reference loading conditions. The proposed WF can be used to produce efficient 
and accurate evaluations of the SIFs for cracks with initial inclination angle in the range [-60°,60°], kink angle in the range [-
90°,90°], and kinked crack to initial crack length ratios in the range [0,1/4]. 
© 2014 The Authors. Published by Elsevier Ltd. 
Selection and peer-review under responsibility of the Norwegian University of Science and Technology (NTNU), Department of 
Structural Engineering. 
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1. Introduction 
Fatigue cracks, in general, can start growing along a particular direction, even at an inclination angle relative to 
the remote load, and then deviate from their original trajectory for many reasons, including shear or mixed-mode 
loading conditions, external varying loading conditions, anisotropic crack growth resistance properties of the 
material, through-thickness varying residual stress fields. Therefore, inclined kinked edge cracks are usually found 
in many machine components, for instance, at the tooth root of gears and on the surface of rolling bearings, in 
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laminated composite plates first along and then out of the interface between adjoining materials (Kitagawa (1975), 
He et al. (1991)). 
 
Fig. 1. Schematic representation of the problem. 
Recently, Beghini et al. (2010) proposed an analytical WF with a matrix structure for determining the SIFs of an 
inclined edge kinked crack in a semi-plane. It was shown that the principal parameters governing the problem, 
schematically illustrated in Fig. 1, are: (i) the initial crack inclination angle D with respect to the semi-plane bisector, 
(ii) the kinked crack inclination E with respect to the initial crack direction, (iii) the kinked crack length to initial 
crack length ratio r = a/a0. For the analysis, the following reference systems have been defined: X’OY’ being the X’ 
axis normal to the semi-plane edge, XOY being the X axis aligned with the main crack segment, xoy being the x 
axis aligned with the terminal kinked segment. The curvilinear coordinate [ along the crack path is defined as: 
[  X 0 d X d a0
a0  x 0 d x d a
­
®°°¯
    (1) 
The SIF components are calculated by integrating, along the crack path, the WF (assumed to be continuous at the 
kink) multiplied by the nominal stress, i.e. the stress acting on the main and the kinked crack segment in the 
identically loaded uncracked body. However, the formulation of this WF proved to be not much computationally 
efficient, mainly for the following reasons: (a) the WF coefficients are expressed in tabular form which is parametric 
in the r ratio, (b) the SIF dependence upon this ratio is expressed only in discrete terms (hence not analytical and 
continuous functions), (c) the WF accuracy, especially for high r ratios, is reduced by the fact that the discontinuity 
at the crack kink was not taken into account. In order to overcome the drawbacks listed in (a) and (b), Beghini et al. 
(2012) explored the possibility of replacing the original kinked crack with an equivalent crack connecting the two 
extremities of the original crack and made up by a main linear segment ending with an infinitesimal kinked part 
aligned with the terminal kinked segment of the original crack. However, this method turned out to to produce 
results with accuracy on the order of some percents only for crack kinking angles in the range [30°,30°]. 
The present paper is aimed at developing a fully parametric WF, which overcomes the aforementioned limitations. 
For this purpose, an extensive parametric FE analysis has been performed, by varying the geometrical dimensionless 
parameters for different reference loading conditions, in order to build up an extended database of accurate SIF 
values. These results have been used to obtain the properties of a parametric WF with a matrix structure, able to 
correctly represent the general properties of the elastic field in the asymmetrically cracked elastic body. The 
resulting WF can be used to efficiently evaluate the SIFs for cracks with initial inclination angle D in the range [-
60°,60°], kinking angle E in the range [-90°,90°], and r ratios in the range [0,1/4] with an accuracy better than 0.2%. 
2. Finite element analysis 
A wide SIFs database is built up using the FE model originally developed by Beghini et al. (2010) and then 
further refined to reduce the relative difference between numerical and known analytical SIF values below 0.05%. 
FE analyses are conducted with cracks having initial inclination angle D in the range [0°,60°] with a step of 5°. The 
obtained results are extended to the interval [-60°,60°], by appropriately distinguishing between symmetric and anti- 
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symmetric loadings. The crack kinking angle E is considered in the range [-90°,90°], with a step of 5°. The following 
sequence of the r ratio values is explored: {1/300,1/200,1/100,1/50,1/30,1/20,1/10,1/7,1/5,1/4,1/3}. In addition, the 
SIFs of inclined edge cracks carrying an infinitesimal kink (the asymptotic results for vanishing r) are determined 
using the numerically computed SIFs of the main crack and the functions of the kinking angle E derived by Melin 
(1994). The total number of different crack configurations is 5772. Figure 2 schematically illustrates the five load 
systems used in the FE simulations: (1) uniaxial longitudinal stress; (2) pure shear; (3) uniaxial transversal stress; (4) 
couple of unit opposite normal forces P applied to both crack faces at position [; (5) couple of unit opposite shear 
forces Q applied to both crack faces at position [. Specifically, the considered positions [, where the point forces P 
and Q are applied, are {0,0.2,0.4,0.6,0.8}a0 for all crack length ratios and, in addition, a0+{0,0.2,0.4}a for the crack 
configurations with finite kink. Hence, the overall number of calculated SIFs is 213,564. 
 
 
Fig. 2. Load configurations considered in the FE analyses. (1) longitudinal uniaxial stress, (2) pure shear at infinite, (3) transversal uniaxial stress, 
(4) couple of unit opposite normal forces P, (5) couple of unit opposite shear forces Q. 
   
Fig. 3. Variation of the WF terms along the crack path for an orthogonal edge crack (D=0°) with a terminal kink inclined by an angle E=60° and  
r = a/a0 = 1/5. Dotted values are FE calculations; solid lines are their fitting using Eqs. (2-5). 
3. Weight function formulation 
Beghini et al. (2010) showed that the WF has a matrix structure in the case of a non-symmetric problem. In the 
present case, the crack path is composed of two straight lines; therefore, the SIF components can be obtained by 
splitting the integration of the WF and stress components into two parts: 
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where h0P
M  and h0X
K  (with M = I or II and X= V or Wrepresent the WF components, V M , W M , V K , W K  are the 
normal and shear nominal stress distributions defined on the main (superscript M) and on the kinked (superscript K) 
crack segment, respectively. 
Since the WF represents the Green’s function, h0X [  is numerically equal to the Mode M SIF produced by the 
application of forces P (for X= V) and Q (for X= W) to both crack faces at position [. In order to get an idea about 
how the WF terms vary along the crack path, FE computations are performed by applying the normal P and shear 
forces Q at variable distances from the crack mouth. Figure 3 shows the map (dotted values) of the WF components 
along the crack path for an orthogonal edge crack (D = 0°) with a terminal kink inclined by an angle E = 60° and r 
ratio equal to 1/5. When the couple of unit forces approaches the crack tip ([ ė a0+a in Fig. 1), the solution tends to 
that of an infinite crack in a plane for which no coupling effect is active. On the basis of this observation, the WF has 
the following general asymptotic characteristics: (i) as [ approaches a0+a, the diagonal terms tend to infinite with the 
same law; (ii) the coupling terms tends to zero as [ approaches a0+a. To solve the integral Eq. (2), the following 
expressions, fulfilling these asymptotic conditions, are assumed for the WF terms h0X
K referring to the kinked 
segment of the crack: 
 
0 d [ d a0  a
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As shown in Fig. 1, the coordinate reference system, with respect to which the normal Vand shear stress W are 
referred, undergoes at the kink a rotation by an angle E. This makes the WF components discontinuous at the kink, 
as shown in Fig. 3. The WF components referring to the main and the kinked crack segments are then related at the 
kink through the rotation matrix. Out of the kink, the h0X
M  components can be expressed as a function of both h0X
K
 
and auxiliary h0X
0  terms through the relations: 
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The auxiliary terms must be zero at the kink ([  a0 ) so as to satisfy the rotation transformation and are aimed at 
accounting for the perturbation exerted by the kink on the main crack as well as at improving the WF representation 
along the main crack. Therefore, the following expressions are assumed for h0X
0 : 
0 d [  a0
h00X D ,E,r,[  2S a  a0  BMX ,i
0 D ,E,r  1 a [
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  (5) 
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The exponents of the power series in the h0X
N  terms, with N = K (Eq. (3)) or N = 0 (Eq. (5)), have been thoroughly 
chosen in order to minimize the variance in the fitting of h0X
N  functions when solving the conditions imposed by the 
SIFs values calculated in the FE analysis with the Normal Equation Method (NEM). Solid lines in Fig. 3 show an 
example of this best fit where imax = 3 is assumed in Eqs. (3) and (5). 
4. Weight function evaluation 
The terms BMX ,i
K and BMX ,i
0  are functions of the angles D and E as well as the crack length ratio r. In the following, 
it will be assumed that they can be expressed as angular functions of D and E whose coefficients depend only on the 
ratio r. For a straight crack (E = 0°), the diagonal and mixed terms of the WF are even and odd functions of the 
inclination angle D, respectively. For a kinked crack, these functions progressively loose this characteristic when the 
kinking angle E increases. Therefore, the angular functions will be approximated by the following series expansions: 
 
BMX ,i
K D ,E ,r  OMX ,ijkK r cosh j 1 D cos k 1 E 
k 1
kmax¦
j 1
jmax1¦  OMX ,ijmaxkK r tan2 D cos k 1 E 
k 1
kmax¦ 
 PMX ,ijkK r sinh jD sin kE 
k 1
kmax¦
j 1
jmax1¦  PMX ,ijmaxkK r tan2 D sin D sin kE 
k 1
kmax¦
MX  IV  or IIW
  (5a) 
 
BMX ,i
K D ,E ,r  OMX ,ijkK r cosh j 1 D sin kE 
k 1
kmax¦
j 1
jmax1¦  OMX ,ijmaxkK r tan2 D sin kE 
k 1
kmax¦ 
 PMX ,ijkK r sinh jD cos (k 1)E 
k 1
kmax¦
j 1
jmax1¦  PMX ,ijmaxkK r tan2 D sin D cos (k 1)E 
k 1
kmax¦
MX  IIV  or IW
  (5b) 
 
BMX ,i
0 D ,E ,r  OMX ,ijk0 r cosh j 1 D cos k 1 E 
k 1
kmax¦
j 1
jmax¦  PMX ,ijk0 r sinh jD sin kE 
k 1
kmax¦
j 1
jmax¦ MX  IV  or IIW   (6a) 
 
BMX ,i
0 D ,E ,r  OMX ,ijk0 r cosh j 1 D sin kE 
k 1
kmax¦
j 1
jmax¦  PMX ,ijk0 r sinh jD cos (k 1)E 
k 1
kmax¦
j 1
jmax¦ MX  IIV  or IW   (6b) 
The terms in Eqs. (5) containing tan2 D have been introduced to reproduce the unbounded tendency of the angular 
functions for D approaching S / 2 . The choice between either trigonometric or hyperbolic angular functions has 
been made in order to minimize the variance of the NEM least-square fitting of hMXN functions, along with their 
angular dependency (Eqs. (5) and (6)), to the conditions imposed by the FE calculations. In this way, it was also 
possible to investigate the dependency of the coefficients QMXN  (with Q = O or P) upon the crack length ratio r. A 
suitable approximation of the QMXN  functions has been found to be truncated expansions of Chebyshev polynomials: 
 
QMX ,ijkN r  QTMX ,ijkqN cos q 1 arccos re r  
q 1
qmax¦ M  I  or II;P  V  or W ;Q  O  or P;N  K  or 0   (7) 
where the argument xe x  has been chosen to better reproduce the high gradient of the QMXN  functions for r 
approaching 0. The constants QTMX ,ijkqN  have been calculated by solving with NEM the over-conditioned system of 
linear equations corresponding to the conditions imposed by the FE analyses. A reasonable compromise between the 
number of parameters necessary to define the WF and the accuracy and stability in the numerical solution of the 
integral Eq. (2) is obtained by assuming imax = 3, jmax = 3, kmax = 4 and qmax = 8 in Eqs. (3–7) and by excluding the 
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crack length ratio r = 1/3, which would have required an even larger number of coefficients. Overall, 195,286 linear 
equations have been solved for 4,608 unknowns. The coefficients QTMX ,ijkqN  are not here reported for the sake of 
brevity, but are available on request (matteo.benedetti@unitn.it). Figure 4 shows the SIFs of an orthogonal edge 
crack (D = 0°) under longitudinal uniaxial stress with a terminal kink inclined by an angle E varying from 0 to 90° as 
a function of the crack length ratio r. The SIFs are normalized with respect to those of an infinitesimal kinked crack 
(r = 0) with the same angular configuration. The very good agreement between the SIFS evaluated by the FE (dotted 
values) and the SIF obtained by the WF (solid lines) is evident. The relative difference is below 0.2%, except for 
Mode I with E = 90° and r larger than 1/7, i.e. for crack configurations hardly observed in the practice. 
 
   
Fig. 4. Comparison between SIFs evaluated by the FE (dotted values) and by the WF (solid lines) of an orthogonal edge crack (D = 0°) under 
longitudinal uniaxial stress. The SIFs are normalized with respect to those of an infinitesimal kinked crack with the same angular configuration. 
5. Conclusions 
For the first time, a fully parametric WF with a matrix structure is proposed for determining the stress intensity 
factors of an inclined kinked edge crack in a semi-plane. The WF permits to determine the SIFs in the continuous 
domain of the following geometric parameters: inclination angle of the main crack segment D, inclination angle of 
the kinked segment with respect to the initial one E, initial to kinked crack length ratio r. 
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